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ABSTRACT:   The purpose of this paper is to introduce an Alexandroff topology on an arbitrary subgroupoid G 
of the trivial groupoid X×Z×X (where Z is the group of integers) and to establish necessary and sufficient 
conditions for G to be r-discrete (this means G(0) is an open subset of G). We also provide a Maple procedure for 
random generation of r-discrete subgroupoids of X× Z×X (where X is a finite set). 
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1.NOTATION AND TERMINOLOGY  

 
We use the same notation and terminology 

concerning the groupoids as in Section 2 [7]. 
Let us consider that X is a set and Z is the 
group of integers. Then under the 
operations 

(x, n, y)(y, m, z) = (x, n+m, y) 
       (x, n, y)-1 = (y, -n, x) 

XZX becomes a groupoid. According [9] 
any subgroupoid GXZX can be 
completely characterized by X and two 
functions f: XX and k:XZ satisfying 
the  following conditions:  

1. f(f(u))=f(u) for all uX. 
2. k(f(u)) 0 for all uX. 
3. If k(f(u)) ≠ 0, then  

k(u){0,1,…, k(f(u))-1}. 
If the functions f and k are given, then G 
can be represented as G=

 
u
v

u,v R

G


 with 

u
vG ={(u,ku,v+tku,u,v): tZ}, (u,v)R 

where:  
1. The relation R is defined by (u,v)R 

if and only if f(u)=f(v). 
2. ku,u := k(f(u)) for all uX. 
3. If k(f(u))≠0, then for all v with the 

property that (u,v)R, 
ku,v:=(k(u)+k(f(u)-k(v)) mod k(f(u)). 

4. If k(f(u))=0, for all for all v with the 
property that (u,v)R,  

ku,v:=k(u) – k(v). 
We shall endow G with an Alexandroff 

topology. Let us recall a few facts about 
Alexandroff topologies. 

A topological space Y is an Alexandroff 
topological space [1] if the topology is 
closed under arbitrary intersections of open 
sets. In an Alexandroff topological space, 
the intersection of all open neighborhoods 
of a point x is again an open neighborhood 
of x, which is, of course, the smallest such. 
The intersection of all open neighborhoods 
of a point x is called the minimal 
neighborhood of x. A set is open if and only 
if  it contains the minimal neighborhood of 
each of its points. Thus the topology of an 
Alexandroff topological space is completely 
determined by a knowledge of the minimal 
neighborhoods.  

If an Alexandroff topological space Y is 
T1 (i.e. has closed points) then it is discrete. 
(Indeed, every subset AY is the 
intersection of the family{C{x}}xA, where 
C{x}=Y\{x} is open for all xY. Hence A 
is open). A topological space Y is a T0-
space if for every (x, y)YY, x≠y, there is 
an open set of Y which contains exactly one 
element of the {x, y}.  
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A preorder on a set Y is a reflexive and 
transitive relation. A preorder is a partial 
order if it is antisymmetric. Alexandroff 
topologies can be characterized in terms of 
preorders. More precisely, if Y is endowed 
with an Alexandroff topology, then we can 
define a preorder on Y in the following 
way: 

x  y if and only if yUx, 
where Ux  is minimal neighborhood of x. 
Conversely, if  is a preorder on Y, then 
family {U x} xY, where  

Ux = {yY: xy}, 
is a basis for a topology on Y. The 
Alexandroff topological space Y is T0 if 
and only if the corresponding preorder is in 
fact a partial order. 

Any topological finite space is an 
Alexandroff space. (See [2] for more details 
concerning Alexandroff spaces)  

 
2. ALEXANDROFF TOPOLOGIES ON 
SUBGROUPOIDS OF XZX 
 

Proposition 2.1.  Let G be a 
subgroupoid of XZX characterized by 
the functions f:XX and k:XZ (as in the 
beginning of Section 1). For every 
(x,n,y)XZX, let us define a set U(x,n ,y) 
in the following way 
      U(x,n,y) := {(u, n, v)G:  k(f(u)) k(f(x))  

and k(f(u))(k(x)+k(v)-k(y)-k(u)}. 
(where ab  there is mZ such that 
b=am) 
Then the sets U(x,n,y) form a basis for an  
Alexandroff topology on G. With respect to 
this topology, G is a topological groupoid. 
      Proof. Let (u, n, v) U(x,n,y)  U(s,n,t).  
Then it is easy to check that 

U(u,n,v) U(x,n,y)  U(s,n,t). 
In order to see that G is an Alexandroff 
space, we remark that the relation defined 
below is a preorder: 
    (x,n,y) (u, m, v) if and only if  

1. m=n  
2. k(f(u)) k(f(x))  
3. k(f(u))(k(x)+k(v)-k(y)-k(u). 

      Let us check that G is a topological 
groupoid. If (x,n,y), (y,m,z)G, then  

U(x,n,y)U(y,m,z) U(x,n+m,z) 
and 
 U(x,n,y)

-1= U(y,-n,x). 
      
    Remark 2.2. In [5] we started with a 
topological groupoid (G, kG), we introduced 
a topology kR(kG) on the principal groupoid 
R associated with G and a new topology 
kGR on G (called the modified topology on 
G with respect to R). If X is endowed with 
the indiscrete topology X={, X}, Z is 
endowed with the discrete topology, XZX 
with the product topology, and GXZX 
with the subspace topology, then the 
topology described in Proposition 2.1 is the 
modified topology on G with respect to its 
principal groupoid (the proof is similar to 
the proofs of Proposition 2.4 and 2.5 [8]). 
With respect to the modified topology a 
basis for the topology on X viewed as a unit 
space of G is {Ux} xX, where 

Ux := {uX:  k(f(u)) k(f(x))}. 
 

     Proposition 2.3. Let G be a subgroupoid 
of XZX characterized by the functions 
f:XX and k:XZ (as in the beginning of 
Section 1) endowed with the topology 
introduced in Proposition 2.1. Then G is a 
T0 space if and only if k(f(u))≠k(f(v)) for all 
(u,v)XX such that u≠v.  
    Proof. Let us assume that G is a T0 
space. Let (u,v)XX such that u≠v. Then 
if there is an open set V of G which 
contains exactly one element of the 
{(u,k(f(u)),u), (v,k(f(u)),v)}, then V should 
include exactly one of U(u,k(f(u),u) or 
U(v,k(f(v),v). Since k(f(u))=k(f(v)) implies 
U(u,k(f(u),u) = U(v,k(f(v),v), it follows 
k(f(u))≠k(f(v)). 
      Conversely, let us assume that 
k(f(u))≠k(f(v)) for all (u,v)XX such that 
u≠v. Let (u, n, v), (x,m,y)G. If m≠n, then 
U(x,m,y)  U(u,n,v) = . If m=n,  (x,m,y) 
U(u,n,v) and (u, n, v) U(x,m,y), then 
k(f(u))=k(f(v))=k(f(x))=k(f(y)). Thus  

x=y=u=v, 
and consequently, (u, n, v)=(x,m,y). 
Therefore G is a T0 space. 
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     Remark 2.4. G endowed with the 
topology introduced in Proposition 2.1 is a 
T0 space if and only if G is a group bundle 
having non-isomorphic isotropy groups. 
Thus in general G is not T0. 
       However if the fibres of the groupoid 
are locally compact (in particular, if the 
fibres are discrete), then we can endow the 
groupoid with a pre-Haar system and 
construct a convolution algebra as in [6] 
(using additional hypotheses). Also there is 
the possibility to extend the notion of 
groupoid morphisms treated in [3] and [4]. 
 
     Proposition 2.5. Let G be a subgroupoid 
of XZX characterized by the functions 
f:XX and k:XZ (as in the beginning of 
Section 1) endowed with the topology 
introduced in Proposition 2.1. Then G(0) is 
an open subset of G  if and only if 
k(u)≠k(v) for all for all equivalent units u,v 
such that u≠v.  
     Proof. Let us assume that G(0) is open. 
Let v[u], u≠v. We have (u,0,u)G(0)       
and     U(u,0,u)  G(0). Hence (u, 0, v) 
U(u,0,u). Thus either (u, 0, v) G or  

(u, 0, v)G\ U(u,0,u).  
In both cases it follows k(u)≠k(v). 
      Conversely, let us assume that 
k(u)≠k(v) for all v[u] such that u≠v. Let 
(u,0,u) G(0) and let us prove that U(u, 0,u) 
G(0). Indeed, if (w,m,v) U(u, n,,u) then m = 0 
and k(f(w))(k(u)+k(v)-k(u)-k(w) i.e. 
k(f(w))k(v)-k(w). It follows k(w)-k(v)=0. 
Therefore w=v. 
 
       Corollary 2.6. Let G be a subgroupoid 
of XZX characterized by the functions 
f:XX and k:XZ (as in the beginning of 
Section 1) endowed with the topology 
introduced in Proposition 2.1. Then G has 
discrete r-fibres if and only if k(u)≠k(v) for 
all equivalent units u,v such that u≠v.  
 
 
3. r-DISCRETE SUBGROUPOIDS OF 
XZX GENERATED USING 
MERSENNE TWISTER ALGORITHM  
 

    As in [10] we use the RandomTools 
package (in the Maple environment). The 

RandomTools[MersenneTwister]  
subpackage contains functions for creating 
pseudo-random number generators using 
the Mersenne Twister algorithm.  
     Using the characterization of the r-
discrete groupoids G XZX given in 
Proposition 2.5, the below procedure 

random_groupoid_discrete_fibres 
generates an r-discrete groupoid:  

G={(u,k(u)-k(v)+tk(f(u)),v): f(u)=f(v), 
tZ},  

where X is a finite set and Z is the group of 
integers. The data of G are stored in gd. The 
parameter n is the cardinality of X, kmax is 
the maximum of the set  

{k(f(u)), uX}  
and nmax is maximum of the set  

{|k(u)|, uX, k(f(u))=0}. 
Thus the procedure defined below and the 
procedures defined in [10] have the same 
parameters, but unlike the procedures in 
[10], which generate arbitrary subgroupoids 
of XZX,  

random_groupoid_discrete_fibres 
always generates r-discrete groupoids with 
respect to the topology introduced in 
Proposition 2.1. 
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> with(RandomTools[MersenneTwister]): 
>random_groupoid_discrete_fibres:=proc(n, kmax, nmax) 
  local gd,i,j,s,norbits,sn,co,represent,orbit,mk, orbitgk, no, 

  init; 
  gd:=[array(1..n),array(1..n), array(1..n)]; 
  represent:=array(1..n); orbit:=array(1..n); mk:=array(1..n);    

  orbitgk:=array(1..n); 
  for i from 1 to n do gd[1][i]:=i end do; 
  s:=NewGenerator(range = 1 .. n); 
  norbits:=s(); co:=1; represent[1]:=1; orbit[1]:=1; gd[2][1]:=1;  

  for i from 1 to n do mk[i]:={} end do; 
  s:=NewGenerator(range = 0 .. kmax); gd[3][1]:=s(); init:=0;  

  i:=2; 
  while i<=n do 
       s:=NewGenerator(range = 1 .. n-init); sn:=s();  
   if sn<=norbits then  
    co:=co+1; represent[co]:=i; orbit[i]:=co; gd[2][i]:=i; 
          s:=NewGenerator(range = 0 .. kmax); gd[3][i]:=s();  
    if gd[3][i]=0 then mk[co]:={seq(j,j=0..2*nmax)} minus {nmax} 
    else mk[co]:={seq(j,j=1..gd[3][i]-1)}  

    end if;  
    init:=0; i:=i+1; 
   else  

    no:=0;  

    for j from 1 to norbits do  

      if nops(mk[j])>0 then no:=no+1; orbitgk[no]:=j end if  

    end do;  

    if no=0 then  

     norbits:=norbits+1; init:=n-norbits;  

    else 
     init:=0; s:=NewGenerator(range = 1 .. no); 
     gd[2][i]:=represent[orbitgk[s()]]; 

     represent[i]:=gd[2][i];orbit[i]:=orbit[gd[2][i]]; 
            no:=0;  
     for j in mk[orbit[gd[2][i]]] do  

        no:=no+1;   orbitgk[no]:=j  

     end do; 
          s:=NewGenerator(range = 1 .. no); j:=s();  
     mk[orbit[i]]:=mk[orbit[i]] minus {orbitgk[j]}; 
            if gd[3][gd[2][i]]=0 then  
       gd[3][i]:=-nmax+orbitgk[j]; 
            else 
                 gd[3][i]:=orbitgk[j] 
            end if; 
     i:=i+1 
    end if  

   end if 
  end do;  
  RETURN(gd) 
end proc; 
 
 

> gd:=random_groupoid_discrete_fibres(10,8,3); 
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In the previous example, the groupoid 
encoded by gd is  

G={(u,k(u)-k(v)+tk(f(u)),v): f(u)=f(v), 
tZ} 

where f : XX, f(1)= 1, f(2)=2, f(3)= 2, 
f(4)=4, f(5)= 2, f(6)=6, f(7)= 7, f(8)=2, 
f(9)= 9, f(10)=10 and k:XZ, k(1)=8, 
k(2)=0, k (3)=3, k(4)=8, k(5)=-1, k(6)=0, 
k(7)=0, k(8)=1, k(9)=4, k(10)=0. For 
instance, 
     2

8G ={ : r()=2 and d()=8}= 

 ={(2,k(2)-k(8) +k(f(2))t,8): tZ} 
={(2,k(2)-k(8)+k(2)t,8): tZ}  

 ={(2, -1,8)}. 
 
 
 
 
 
 
 
 
 
 
 
 

The procedure orbits(gd) [9] displays the 
graph of the equivalence relation  
(principal groupoid R) associated with 
the groupoid G encoded by gd (each orbit 
of the groupoid has a unique associated 
color). Let us see its result for the 
preceding groupoid. 
 
>orbits(gd) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
 
The procedure visualization(gd) defined 

in [11] represents each (r,d)-fibre j

i

x

xG  as 

the rectangle with top left corner (i-1,j) 
and bottom right corner (i,j-1) filled with 
a color uniquely determined by k(xi)-k(xj) 
and k(f(xi)). Let us see its result for the 
preceding groupoid. The fact that the  
 
 

topology induced on fibres is discrete can 
be visualized in the following way: the 
color of each rectangle on each row (and 
each column) is different from the color 
of the rectangle located on the 
intersection of the row (respectively, 
column) with the diagonal representing 
the unit space. 
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